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COORBIT SPACES ASSOCIATED TO INTEGRABLY ADMISSIBLE
DILATION GROUPS
HARTMUT FÜHR AND JORDY TIMO VAN VELTHOVEN
Abstract. This paper considers coorbit spaces parametrized by mixed, weighted Lebesgue
spaces with respect to the quasi-regular representation of the semi-direct product of Euclidean
space and a suitable matrix dilation group. The class of dilation groups that is treated,
the so-called integrably admissible dilation groups, contains the matrix groups yielding an
irreducible, square-integrable quasi-regular representation as a proper subclass. The obtained
scale of coorbit spaces extends therefore the well-studied wavelet coorbit spaces associated to
discrete series representations. It is shown that for any integrably admissible dilation group
there exists a convienent space of smooth, admissible analyzing vectors that can be used to
define a consistent coorbit space possessing all the essential properties that are known to hold
in the setting of discrete series representations. In particular, the obtained coorbit spaces
can be realized as Besov-type decomposition spaces. The classes of anisotropic Besov spaces
associated to expansive matrices are shown to coincide precisely with the coorbit spaces
induced by the integrably admissible one-parameter groups.
1. Introduction
Let H ≤ GL(d,R) be a closed subgroup and consider the semi-direct product G = Rd⋊H.
The group G acts unitarily on L2(Rd) through the quasi-regular representation (π,L2(Rd)) by
π(x, h)f = |det(h)|−
1
2 f(h−1(· − x)).
Given a non-zero ψ ∈ L2(Rd), the associated wavelet transform Wψ : L2(Rd) → Cb(G) is
defined by the representation coefficients
Wψf(x, h) = 〈f, π(x, h)ψ〉.
A vector ψ ∈ L2(Rd) is called admissible ifWψ : L2(Rd)→ L2(G) is an isometry. An important
consequence of admissibility of ψ ∈ L2(Rd) is the reproducing formula
Wψf =Wψf ∗Wψψ (1.1)
valid for any f ∈ L2(Rd). The existence of admissible vectors and associated groups has
been studied in numerous papers, including [3, 24, 27, 37]. See also [14, 38, 39] for similar
investigations, in which Rd is replaced by a non-commutative nilpotent Lie group N .
1.1. Integrable wavelet transforms. This paper focuses on wavelet transforms associated
with so-called integrably admissible dilation groups; see Section 2.1 for the precise definition.
An important property of such a dilation group H ≤ GL(d,R) is that the quasi-regular
representation (π,L2(Rd)) of G = Rd⋊H is not merely square-integrable, but also integrable in
the sense that there exists an admissible ψ ∈ L2(Rd) such thatWψψ ∈ L1v(G) for some suitable
weighting function v on G. The integrability of (π,L2(Rd)) is a property that is of interest
for at least two reasons. On the one hand, it is exploited in abstract harmonic analysis for
constructing projections in the convolution algebra L1(G). Indeed, the reproducing formula
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(1.1) yields that Wψψ = (Wψψ)♯ = Wψψ ∗ Wψψ, with (Wψψ)♯(x) = Wψψ(x−1). Thus, if
F := ∆
−1/2
G Wψψ ∈ L
1(G), then F = F ∗ = F ∗ F , where F ∗(x) = ∆G(x)−1F (x−1) denotes
the usual involution in L1(G), showing that F is a projection in L1(G). The existence of
projections in L1(G) is related to the existence of compact open sets in the unitary dual Ĝ,
equipped with the so-called Fell topology, and is an area of ongoing research [13, 31, 33, 34].
In particular, we mention the recent paper [13], in which the Kirillov-Bernat correspondence
between the dual and coadjoint orbits is used, to obtain sufficient and necessary conditions for
integrable wavelet transforms phrased in terms of dual orbit spaces O ⊂ R̂d. Building on [33],
the results in [13] paved the way for the notion of an integrably admissible dilations group as
used in this paper.
Integrable representations also play an essential role in the coorbit space theory developed
by Feichtinger and Gröchenig [18–20] and it is in this context that we investigate the inte-
grable wavelet transform in this paper. The coorbit spaces associated to semi-direct products
are defined in terms of decay properties of the (extended) matrix coefficients Wψf(x, h) =
〈f, π(x, h)ψ〉 and provide a family of Banach function spaces induced by the action of the
group. The main ingredient for defining coorbit spaces is a reproducing formula as in (1.1).
The formula (1.1) is well-known to hold for any discrete series representation [15,32], but also
holds for numerous reducible square-integrable representations, including the representations
considered here. If, in addition to (1.1), the associated representation π is integrable, then
discretization results such as the existence of Banach frames and atomic decompositions in the
coorbit spaces can be obtained [30].
1.2. Coorbit spaces associated to integrably admissible dilation groups. In this pa-
per we consider coorbit spaces associated to integrably admissible dilation groups. Since this
setting contains the class of irreducibly admissible dilation groups as a proper subclass, the
quasi-regular representation might be reducible. The scale of coorbit spaces that we obtain
extends therefore the wavelet coorbit spaces associated to discrete series representations. A
key property of the original coorbit spaces that is guaranteed by the irreducibility is its in-
dependence of the choice of the admissible analyzing vector used to define the space. This
property might fail dramatically if the assumption of irreducibility of the representation is
dropped. Indeed, in d = 2, the quasi-regular representation (π,L2(R2)) of G = R2 ⋊ R+ acts
reducibly and [25, Section 2.1] provides an example of two integrably admissible vectors for
which the associated coorbit spaces do not coincide. This indicates that for reducible represen-
tations additional considerations are required in defining the coorbit spaces. More precisely,
to compensate for the reducible representations, the requirements on the space of analyzing
vectors need to be more restrictive than in the setting of discrete series representations. It
turns out that this adjustment is all that is needed to derive a coorbit space theory with the
same features as for the irreducible setup. A key example that can be covered in the setup
considered here, but not by the discrete series case, is the space induced by the action of
G = Rd ⋊ H with H = exp(RA) being the one-parameter subgroup generated by a suitable
matrix A ∈ GL(d,R). The obtained space turns out to coincide, up to suitable identifications,
with the well-known anisotropic Besov spaces [2, 5].
The representation-theoretic nature of the definition of coorbit spaces, together with a re-
producing formula such as (1.1), allows to transfer questions concerning these spaces into
related questions concerning functions on the group G = Rd ⋊ H. This has the advantage
that questions that do not rely on the geometry underlying G can be approached in a unified
manner using general tools from abstract harmonic analysis. On the other hand, questions
that rely on the structure of G = Rd ⋊ H, and hence of H, might not even be well-posed
in the usual realization of the coorbit space. Canonical questions of this type are, for ex-
ample, the dilation-invariance of the coorbit space under the action of dilation groups other
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than H, and the embeddings between coorbit spaces that are defined using different dila-
tions groups. For the investigation of these questions the realization of the coorbit space as
a (Besov-type) decomposition space [17,46] is highly beneficial as this realization encodes the
essential properties of the coorbit space that are determined by the dual action of the dilation
group H. The isotropic Besov spaces [21, 41, 47] form a key example of decomposition spaces
and have been identified as the coorbit space of the affine group G = R ⋊ R+ from the very
beginning [18, Section 7.2]. The identification of coorbit spaces over general irreducibly ad-
missible dilation groups and suitable decomposition spaces have only been established more
recently [29]. In this paper we extend this identification to the class of integrably admissible
dilation groups. As a consequence, the powerful embedding theory for Besov-type decompo-
sition spaces developed in [49] can be used to obtain embedding theorems for these coorbit
spaces.
1.3. Related work. Wavelet coorbit theory. The papers that are closest in spirit to the
work presented here are the predecessors [25, 26, 29] by the first named author. The papers
[25,26] establish explicit and verifiable criteria on continuous wavelet transforms for applying
the coorbit space theory for irreducible, integrable representations [19, 20]. In this paper we
generalize the results of [25] from the setting of irreducibly admissible dilation groups to the
class of integrably admissible dilation groups. In doing so, some auxillary results in [25,26] will
be used by citation, e.g., the explicit construction of a suitable control weight (see Section 2.3
below). Moreover, some of the proof methods used to generalize results of [25,26] to the setting
of integrably admissible dilations groups are non-trivial adaptations of the ones in [25,26]. The
difficulties arising in these adaptions are caused by the fact that for irreducibly admissible
dilation groups, the dual actions have a unique, singly generated open orbit, whereas for the
integrably admissible dilations groups considered in this paper, the (possibly non-unique) open
orbit might be generated by an arbitrary compact set rather than just a singleton; see Section
2.1 for the details. On the other hand, we like to emphasize that several of the results in this
paper are obtained relatively easily, compared to the proofs of analogous results in [25,26]. In
part, this is due to recent progress in decomposition space theory. In any case, given the fact
that coorbit theory is generally viewed as somewhat technical and cumbersome, we regard this
simplicity as an important asset of our approach.
The paper [29] identifies the coorbit spaces considered in [25, 26] as suitable Besov-type
decomposition spaces [17,46,48]. The approach and techniques used in [29] are followed in the
identification established in Section 4 and 5 below. Several preliminary results of [29] that do
not rely on properties of irreducibly admissible dilation groups are used here by citation. How-
ever, the extensions of the results in [29] that rely on properties of an irreducibly admissible
dilation group are non-trivial in general. These additional technicalities are most apparent in
the construction of an induced cover and a suitable partition of unity subordinate to this cover;
see the results in Section 4. Again, these technicalities are caused by the fact that the open
dual orbits of the dilation groups considered in this paper might be generated by an arbitrary
compact set instead of a singleton. Lastly, we mention that the actual identification of suitable
decomposition spaces and the coorbit spaces considered in this paper is much simpler than
in [29] as the reservoir of the coorbit spaces can be canonically identified with the reservoir
used to define decomposition spaces, in contrast to [29]. Moreover, we simplify the proof by
using a delicate density result for Besov-type decomposition spaces recently established in [43].
Coorbit theory for dual pairs. A framework for coorbit spaces associated with possibly re-
ducible, non-integrable representations have been developed by Christensen and Ólafsson
[9, 10]. The spaces in [9, 10] are defined under suitable continuity and smoothness condi-
tions of the representation and its associated matrix coefficients. In particular, several desired
discretization results have been obtained for this setting in [8]. The coorbit spaces considered
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in this paper do formally not fit in the framework for dual pairs since the space of analyzing
vectors we consider does not form a Fréchet space, which is a standing assumption in [9, 10].
However, the analyzing vectors chosen in this paper are very beneficial for our purposes as their
anti-dual space can be canonically identified with the Fourier distributions that are used as a
reservoir in defining Besov-type decomposition spaces. As in [9,10], the basic properties of the
coorbit spaces in this paper are also established using continuity and smoothness arguments.
1.4. Aims and contributions. The central motivation of this paper is to extend, unify and
synthesize results from [7, 13, 25, 29], using the language of coorbit spaces and decomposition
spaces as developed in [17,19,20]. In particular, we generalize the explicit criteria for a wavelet
coorbit theory obtained in [25] to the setting of integrably admissible dilation groups. The
fact that we are able to extend a fairly large portion of the results of the precursor papers in
comparatively little space, while developing a somewhat novel version of coorbit space theory
in the process, is testament both to the versatility and generality of the arguments in the
original sources [19, 20] underlying our adaptation, and to the recent progress in the theory
of decomposition spaces, e.g., in [43, 49, 50]. As will be seen below, our simple approach is
made possible by the topological conditions underlying the notion of an integrably admissible
dilation group, which are weak enough to cover a wide variety of settings, but sufficiently
stringent to provide a class of analyzing wavelets that is very convenient to work with.
1.5. Organization. The paper is organized as follows. In Section 2 the class of integrably
admissible dilation groups is introduced. Moreover, several important properties of their asso-
ciated wavelet transforms are obtained. Section 3 is devoted to the coorbit spaces associated
to integrably admissible dilation groups and their basic properties. In particular, it is demon-
strated that the standard results on discretization of convolution operators can be applied in
the setting of reducible representations to obtain results on Banach frames and atomic de-
compositions in the coorbit space. Section 4 consists of preliminary results needed for the
realization of a coorbit space as a decomposition space. The actual identification is carried
out in Section 5. Examples (of classes of) coorbit spaces associated with integrably admissible
dilation groups are provided in 6. In particular, it is shown that the coorbit spaces consid-
ered in this paper coincide with the original coorbit spaces in the setting of discrete series
representation.
2. Wavelet transforms with semi-direct products
For a linear Lie group H ≤ GL(d,R), define G = Rd ⋊ H. The admissibility of a vector
ψ ∈ L2(Rd) can be conveniently characterized by use of the dual action of H on the Fourier
domain R̂d ∼= Rd, defined by H×R̂d ∋ (h, ξ) 7→ hT ξ, where hT denotes the transpose of h ∈ H.
For a proof of the following admissibility condition, cf. [27, 37].
Lemma 2.1. A vector ψ ∈ L2(Rd) is admissible if, and only if,∫
H
|ψ̂(hT ξ)|2 dµH(h) = 1 (2.1)
for a.e. ξ ∈ R̂d.
Given two vectors ψ1, ψ2 ∈ L2(Rd) satisfying the admissibility condition (2.1), the property
that the wavelet transform Wψi : L
2(Rd) → L2(G), with i ∈ {1, 2}, isometrically intertwines
(π,L2(Rd)) and the regular representation (λG, L2(G)), yields the reproducing formula
Wψ1f ∗Wψ2ψ1 = Wψ2f (2.2)
for all f ∈ L2(Rd). The formula (2.2) plays a key role in the theory developed below.
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2.1. Integrably admissible dilation groups. The following definition introduces the class
of dilation groups that will be treated in this paper.
Definition 2.2. A closed subgroup H ≤ GL(d,R) is called integrably admissible with essential
frequency support O if O ⊂ R̂d is an open set satisfying:
(i) The set O is co-null and HT -invariant;
(ii) The dual action of H on O is proper, i.e., for all compact subsets K ⊂ O, the set
{(h, ξ) ∈ H ×O : (hT ξ, ξ) ∈ K ×K} ⊂ H ×O
is compact;
(iii) There exists a compact subset C ⊂ O such that O = HTC.
Remark 2.3. (a) The condition that the dilation group H ≤ GL(d,R) is closed in the relative
topology is rather natural and is necessary for the existence of an admissible vector, cf. [23,
Proposition 5.1] and [22, Proposition 5].
(b) The compactness criterion (iii) in Definition 2.2 is equivalent to the orbit space O/HT
being compact with respect to the quotient topology, see [33, Corollary 4.2]. Condition
(ii) therefore entails, in particular, that the isotropy subgroups Hξ := {h ∈ H | hT ξ = ξ}
are compact for all ξ ∈ O. Moreover, the orbit maps pξ : H → O, h 7→ hT ξ are proper for
ξ ∈ O.
It is currently not well-understood whether the essential frequency support associated to an
integrably admissible matrix group is uniquely defined by the group or not. It is conceivable
that given such a group, two different sets O and O′ could serve as essential frequency support,
which would necessarily only differ by a nullset. However, note that essential frequency support
is described in terms of topological conditions, which cannot be expected to be stable under
addition or removal of a set of measure zero. This somewhat subtle point is relevant, since the
essential frequency support enters into the decomposition space description of coorbit spaces.
In order to state a convenient characterization of integrably admissible dilation groups, we
denote, following [40], for given Y,Z ⊂ Rd,
((Y,Z)) := {h ∈ H | hTY ∩ Z 6= ∅}.
The following result is [13, Proposition 12] rephrased in the terminology of the current paper.
Lemma 2.4. Let H ≤ GL(d,R) and let O ⊂ R̂d be open, co-null and HT -invariant. Then the
following are equivalent:
(i) The group H is integrably admissible with essential frequency support O.
(ii) There exists some open, relatively compact C ⊂ O with HTC = O and for any such
set C, the set ((C,C)) is relatively compact in H.
Corollary 2.5. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Then, for all compact sets C1, C2 ⊆ O, the set ((C1, C2)) is relatively compact in H.
Proof. Let C ⊂ O be a compact set such that HTC = O. Then ((C,C)) is relatively compact
by Lemma 2.4. For i ∈ {1, 2}, the compactness of Ci yields finite sets Fi ⊆ H such that
Ci ⊂ FiC. But ((C1, C2)) ⊆ F2((C,C))F
−1
1 , and thus ((C1, C2)) is relatively compact. 
We next list several classes of integrably admissible dilation groups. The associated coorbit
spaces are discussed in more detail in Section 6.
Example 2.6. (a) If H ≤ GL(d,R) is (irreducibly) admissible, i.e., there exists a single open
orbit O = HT ξ0 of full Lebesgue measure for which the associated isotropy group Hξ0
is compact in H, then H is readily seen to be integrably admissible. The irreducibly
admissible dilation groups are precisely the ones for which the associated quasi-regular
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representation (π,L2(Rd)) of G is a discrete series representation [24]. A full classification,
up to conjugacy classes, in dimension three can be found in [12]. Explicit necessary and
sufficient conditions for abelian dilation groups H ≤ GL(d,R) can be found in [6].
(b) If H = exp(RA), then H is integrably admissible if, and only if, the real parts of all
eigenvalues of A are either strictly negative or strictly positive, see [31, 34]. The essential
frequency support can then be taken as O = Rd \ {0}.
(c) If d = 3 and H ≤ GL(d,R) is connected and abelian, then a complete classification of
the integrably admissible dilation groups is given in [13, Proposition 18]. As a concrete
example, we mention H = exp(RA) exp(RB), with
A =

 1 0
α


and
B =

 0 1
β

 .
Then H is an abelian, two-dimensional closed subgroup of GL(3,R). By [13, Proposition
4.1], H is integrably admissible if and only if αβ = 0 and α + β > 0, i.e., one of the two
parameters is zero, and the other one strictly positive. The essential frequency support is
given by
O = {(x1, x2, x3) : x1 6= 0 6= x
2
2 + x
2
3} for α = 0
and
O = {(x1, x2, x3) : x
2
1 + x
2
3 6= 0 6= x2} for β = 0.
Picking parameters α, β with αβ < 0 provides an intriguing example of semidirect prod-
uct groups R3⋊H with the property that the support of the quasi-regular representation
π is an open compact subset of the dual. However, it is currently unknown whether there
exists an admissible vector ψ such that ∆−1/2G Wψψ ∈ L
1(G). Since in this case H is not
integrably admissible, the methods for constructing these vectors that this paper relies on
are not available.

The significance of an integrably admissible dilation group is that it guarantees the existence
of suitable admissible vectors.
Theorem 2.7. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O = HTC. Then there exists a vector ψ ∈ F−1(C∞c (O)), with ψ̂
−1(C \ {0}) ⊃ C. Moreover,
any such vector ψ can be chosen to be admissible.
Proof. The existence of a ψ ∈ F−1(C∞c (O)) is contained in the proof of [13, Proposition 10].
Any such vector can be re-normalized to obtain a vector satisfying (2.1). 
2.2. Extended matrix coefficients. This section is concerned with extending the action
of the quasi-regular representation to suitable distribution spaces. In particular, a point-wise
estimate for the decay of the extended matrix coefficients will be obtained and the reproducing
formula (2.2) will be extended.
Definition 2.8. Let O ⊆ R̂d be open. The space of analyzing vectors SO(Rd) is defined as
the inverse Fourier image SO(Rd) := F−1(D(O)), where D(O) := C∞c (O) is equipped with the
usual inductive limit topology. The space SO(Rd) will be equipped with the unique topology
making F−1 : D(O) → SO(Rd) into a homeomorphism. The anti-dual space of SO(Rd),
i.e., the space of all continuous conjugate-linear functionals, will be written as S
′
O(R
d). The
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space S
′
O(R
d) is assumed to be equipped with the weak∗-topology and the sesquilinear pairing
〈·, ·〉 : S
′
O(R
d)× SO(R
d)→ C.
We mention the following simple properties of SO(Rd) without proof.
Lemma 2.9. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
(i) The space SO(R
d) is π-invariant.
(ii) The space SO(R
d) is weak∗-dense in S
′
O(R
d)
For f ∈ S
′
O(R
d) and ψ ∈ SO(Rd), the (extended) wavelet transform Wψf of f is defined as
the mapping
Wψf : G→ C, (x, h) 7→ 〈f, π(x, h)ψ〉.
Point-wise estimates of the coefficient decay are provided by the following result. Here, given
a compact set K ⊂ Rd and an N > 0, the semi-norm of f ∈ C∞(K) is as usual denoted by
‖f‖K,N := max|α|≤N ‖(∂
αf) · 1K‖∞.
Lemma 2.10. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O ⊂ R̂d. Let ψ ∈ SO(R
d) with K1 := supp ψ̂.
(i) Suppose φ ∈ SO(R
d) with K2 := supp φ̂. Then, for all N ∈ N, there exists a C = C(N) >
0 such that
|Wψφ(x, h)| ≤ C(1 + |x|)
−N (1 + ‖h‖)N+1/2‖ψ̂‖K1,N‖φ̂‖K2,N1((K1,K2))(h)
for all (x, h) ∈ G.
(ii) Suppose f ∈ S
′
O(R
d). Then there exist measurable functions α,m : H → R+ that are
bounded on compact sets, such that
|Wψf(x, h)| ≤ α(h)(1 + |x|)
m(h)(1 + ‖h‖)m(h)‖ψ̂‖K1,m(h)
for all (x, h) ∈ G
Proof. The proof of (i) follows by similar arguments as [25, Theorem 3.7], and hence we only
provide a sketch. We first write
Wψφ(x, h) =
(
|det(h)|1/2φ̂ · (Dhψ̂)
)∨
(x), (2.3)
where Dhψ̂ := ψ̂(hT ·). Thus, if K1 ∩ h−TK2 = ∅, then the right-hand side of (2.3) is zero.
that is, if h /∈ ((K1,K2)), then Wψφ(·, h) ≡ 0.
In order to get the point-wise decay estimate with respect to x ∈ Rd, we first estimate the
partial derivatives of (2.3). Applications of Leibniz’ formula and the chain rule yields∣∣∣∂α(φ̂ ·Dhψ̂)(ξ)∣∣∣ ≤ ∑
γ+β=α
α!
β!γ!
∣∣∣(∂β φ̂) (ξ)∣∣∣ ∣∣∣(∂γ(Dhψ̂)) (ξ)∣∣∣
≤ C(d, α)(1 + ‖h‖∞)
|α|
∑
|β|,|γ|≤|α|
∣∣∣(∂βφ̂) (ξ)∣∣∣ · ∣∣∣(∂γψ̂) (hT ξ)∣∣∣
≤ C(d, α)(1 + ‖h‖∞)
|α|‖ψ̂‖K1,|α|‖φ̂‖K2,|α|1K2(ξ).
By integrating this estimate over ξ ∈ R̂d, we obtain
|Wψφ(x, h)| ≤ C(d)(1 + |x|)
−N max
|α|≤N
∥∥∥∂α ((|det(h)|1/2φ̂ · (Dhψ̂)))∥∥∥
L1
≤ C(d,N,K2)(1 + |x|)
−N (1 + ‖h‖∞)
N+1/2‖ψ̂‖K1,N‖φ̂‖K2,N1((K1,K2))(h),
where we used Hadamard’s inequality to estimate the determinant against the norm.
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To prove (ii), an application of [44, Theorem 6.8] yields that, for every compact K ⊂ O,
there exists an N(K) ∈ N and a C(K) > 0 such that
|〈f, ϕ〉| ≤ C(K)‖ϕ̂‖K,N(K) (2.4)
for every ϕ ∈ SO(Rd) with supp ϕ̂ ⊂ K. We want to apply this to ϕ = π(x, h)ψ. For this
purpose, we first estimate, via another application of the Leibniz formula, for all ξ ∈ K,
|(∂α (π(x, Id)ψ)) (ξ)| = |(∂α (exp(2πi〈x, ·〉)ψ)) (ξ)|
≤ C(d, α,K)(1 + |x|)|α|‖ψ̂‖K,|α| .
By the chain rule argument already employed for part (i), we further get
|(∂α (π(0, h)ψ)) (ξ)| ≤ C(d, |α|)(1 + ‖h‖)|α|+1/2‖ψ̂‖K,|α|
Plugging ϕ = π(x, Id) ◦ π(0, h)ψ into (2.4) then yields
|Wψf(x, h)| ≤ C(d,K)(1 + |x|)
N(K)(1 + ‖h‖)N(K)+1/2‖ψ̂‖K1,N(K)
provided that K ⊃ supp( ̂π(x, h)ψ) = h−TK1.
Lastly, to define the functions α : H → R+ and m : H → N0, take an increasing covering
(Aℓ)ℓ∈N of O consisting of open, relatively compact sets Aℓ ⊂ R̂d. Let ℓ(h) := inf{n ∈
N | h−TK1 ⊂ An} for h ∈ H. Then every compact set K ⊂ O is contained in some Aℓ, hence
ℓ is a well-defined measurable function that is bounded on compact sets. The same then holds
for α,m, defined by α(h) = C(Aℓ(h)) and m(h) = N(Aℓ(h)) + 1/2. These functions yield the
desired estimate. 
As a first application of Lemma 2.10, the L2-reproducing formula (2.2) will be extended to
the whole distribution space S
′
O(R
d).
Lemma 2.11. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
Then the following assertions hold:
(i) For ψ1, ψ2 ∈ SO(R
d) with ψ1 ∈ SO(R
d) admissible, the map
S
′
O(R
d) ∋ f 7→
∫
G
〈f, π(x, h)ψ1〉〈π(x, h)ψ1, ψ2〉 dG(x, h) ∈ C
is weakly continuous.
(ii) For any two admissible ψ1, ψ2 ∈ SO(R
d) and any f ∈ S
′
O(R
d), the reproducing formula
Wψ2f = Wψ1f ∗Wψ2ψ1 holds.
Proof. To show (i), it suffices to prove that∫
G
〈f, π(x, h)ψ1〉〈π(x, h)ψ1, ψ2〉 dG(x, h) = 〈f, ψ2〉.
For this, consider the Fourier-side reproducing formula
ψ̂2 =
∫
G
Wψ1ψ2(x, h)
̂[π(x, h)ψ1] dG(x, h), (2.5)
which converges absolutely by Lemma 2.10(i). Since the action H × Rd ∋ (h, ξ) 7→ hT ξ is
proper and ψ̂1 ∈ D(O), there exists a compact set K ⊂ O such that
supp
(
Wψ1ψ2(x, h)
̂[π(x, h)ψ1 ]
)
⊂ K
for all (x, h) ∈ G. Given N ∈ N, the decay estimate in Lemma 2.10(i) guarantees that the
map
(x, h) 7→Wψ1ψ2(x, h)[
̂π(x, h)ψ1 ]
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from G into the Banach space (CN (K), ‖ · ‖K,N ) is Bochner integrable, yielding that∫
G
Wψ1ψ2(x, h)[
̂π(x, h)ψ1 ] dµG(x, h) ∈ C
N (K)
is well-defined. An application of [44, Theorem 6.6], together with the Hahn-Banach theorem,
entails that f̂ : D(O) ∩ CN (K) → C induces a continuous extension to all of CN (K) for
sufficiently large N ∈ N. Applying [51, V.5, Corollary 2] justifies to interchange Bochner
integration and the evaluation of continuous functionals, yielding that
〈f, ψ2〉 = 〈f̂ , ψ̂2〉 =
∫
G
〈
f̂ ,F(Wψ1ψ2(x, h) · π(x, h)ψ1)
〉
dG(x, h)
=
∫
G
〈
f, π(x, h)ψ1〉〈π(x, h)ψ1, ψ2
〉
dG(x, h) (2.6)
which shows (i).
For (ii), let f ∈ S
′
O(R
d) be arbitrary. By density, there exists a net (φα)α∈Λ of functions
φα ∈ SO(R
d) converging weakly to f . Equation (2.2) yields that Wψ1φα ∗Wψ2ψ1 = Wψ2φα
for all α ∈ Λ. Since the mapping
f 7→
∫
G
〈π(y−1)f, π(x)ψ1〉〈π(x)ψ1, ψ2〉 dµG(g) = (Wψ1f ∗Wψ2ψ1)(y)
is weakly continuous by part (i), it follows that
lim
α∈Λ
(
Wψ1φα ∗Wψ2ψ1
)
(y) = (Wψ1f ∗Wψ2ψi)(y)
for every y ∈ G. On the other hand, clearly limα∈ΛWψ2φα = Wψ2f . Combing both identities
gives therefore Wψ2f = Wψ1f ∗Wψ2ψ1, as required. 
2.3. Norm estimates. The left Haar measure µG on G = Rd ⋊ H is given by µG(x, h) =
|det h|−1 · dxdh, and the modular function ∆G on G is ∆G(x, h) = |det h|−1∆H(h). Given a
weight v : G→ R+, the associated weighted mixed Lebesgue space is defined as
Lp,qv (G) :=
{
F ∈ L1loc(G) : ‖f‖Lp,qv <∞
}
with
‖f‖Lp,qv :=
(∫
H
(∥∥v(·, h)f(·, h)∥∥
Lp(Rd)
)q dh
|det h|
)1/q
<∞
for p ∈ [1,∞] and q ∈ [1,∞) and ‖f‖Lp,∞v := ess suph∈H
(∥∥w(·, h)f(·, h)∥∥
Lp(Rd)
)
. As usual, the
conjugate p′ of p ∈ (1,∞) is defined as p′ := pp−1 , and 1
′ :=∞ and ∞′ := 1.
Throughout this paper, any weighting function on G will be assumed to be admissible in
the following sense.
Definition 2.12. A continuous weighting function v : G→ (0,∞) is called admissible if
(i) The submultiplicativity condition is satisfied, i.e., v((x1, h1)(x2, h2)) ≤ Cv·v(x1, h1)v(x2, h2)
for all (x1, h1), (x2, h2) ∈ G and some Cv > 0.
(ii) There exists a locally bounded weight v0 : H → (0,∞) and an s ∈ [0,∞) such that
v(x, h) ≤ (1 + |x|)sv0(h) for all (x, h) ∈ G.
Norm estimates for convolution operators play an essential role in coorbit space theory. In
particular, it will be used repeatedly that Lp,qv (G) forms a Banach convolution module over
L1w(G) for a control weight w : G→ R
+. See [19, Section 4] and [30, Section 2.2] for a general
discussion on control weights.
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Definition 2.13. Let Y = Lp,qv (G) for p, q ∈ [1,∞] and an admissible weight v : G→ R+. A
weight w : G→ R+ is called a control weight for Y if it satisfies
w(x, h) = ∆G(x, h)
−1w((x, h)−1)
and
max
(
‖L(x,h)‖Y 7→Y , ‖L(x,h)−1‖Y 7→Y , ‖R(x,h)‖Y 7→Y , ‖R(x,h)−1‖Y 7→Y∆G(x, h)
−1
)
≤ w(x, h),
where L(x,h) and R(x,h) denote the left and right translation by (x, h) ∈ G, respectively.
Given an admissible weight, there exists an associated (admissible) control weight of the
same type. The corresponding control weight is explicitly given by the following result, which
is [25, Lemma 2.3].
Lemma 2.14. Let p, q ∈ [1,∞] and let v : G → R+ be an admissible weight satisfying
v(x, h) ≤ (1 + |x|)sv0(h) for s ∈ [0,∞). Then there exists a control weight w : G → R
+ for
Y = Lp,qv (G) satisfying the estimate
w(x, h) ≤ (1 + |x|)sw0(h),
where w0 : H → R
+ is defined by
w0(h) =
(
v0(h) + v0(h
−1)
)
·max
(
∆G(0, h)
− 1
q ,∆G(0, h)
1
q
−1)
·
(
|det h|
1
q
− 1
p + |deth|
1
p
− 1
q
)(
1 + ‖h‖∞ + ‖h
−1‖∞
)s
with the convention 1/∞ := 0.
Remark 2.15. Let v : G → R+ be an admissible weight. The control weight w : G → R+ for
Y = Lp,qv (G) provided by Lemma 2.14 depends on p, q ∈ [1,∞] and s ∈ [0,∞). By fixing s′ > 0
and a submultiplicative, locally bounded weight v0 : H → R+, a control weight w′ : G → R+
can be chosen that works simultaneously for all p, q ∈ [1,∞] and all s ∈ [0, s′], e.g., the weight
w′(x, h) = (1 + |x|)s
′
(v0(h) + v0(h)
−1)max
(
1,∆G(0, h)
−1
)
·
(
|det(h)| + |det(h)|−1
)(
1 + ‖h‖∞ + ‖h
−1‖∞
)s′
satisfies w(x, h) ≤ w′(x, h) for all (x, h) ∈ G, where w : G→ R+ is any control weight obtained
via Lemma 2.14.
For reference purposes, we mention the following well-known properties.
Proposition 2.16. Let v : G→ R+ be an admissible weight and let p, q ∈ [1,∞] be arbitrary.
(i) The space Y = Lp,qv (G) is a solid Banach function space. Moreover, left and right trans-
lation act strongly continuously on Lp,qv (G).
(ii) There exists an admissible weight w : G → R+ such that Lp,qv (G) ∗ L1w(G) →֒ L
p,q
v (G),
with ‖F1 ∗ F2‖Lp,qv ≤ ‖F1‖Lp,qv ‖F2‖L1w .
(iii) Any F1 ∈ L
p,q
v (G) and F2 ∈ L
p′,q′
1/v
(G) satisfy the generalized Hölder inequality∣∣∣∣
∫
G
F1(x, h)F2(x, h) dG(x, h)
∣∣∣∣ ≤ ‖F1‖Lp,qv ‖F2‖Lp′,q′
1/v
,
where p′, q′ ∈ [1,∞] denote the conjugate exponents of p, q ∈ [1,∞].
To finish the preliminaries for developing the coorbit theory, it will be shown that the wavelet
transform of an analyzing vector belongs to a certain Amalgam space and, in particular, that
the quasi-regular representation (π,L2(Rd)) is v-integrable for any admissible weight v.
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Definition 2.17. Let Y = Lp,qv (G) for p, q ∈ [1,∞] and an admissible weight v : G → R+.
Let U ⊆ G be a relatively compact unit neighborhood. For F ∈ L∞loc(G), define
F ♯U : G→ [0,∞], x 7→ ‖1UxF‖L∞ .
The (right-sided) Wiener amalgam space is defined by
WR(L∞, Y )(G) := {F ∈ L∞loc(G) | F
♯
U ∈ Y }
and equipped with the norm ‖F‖WR(L∞,Y ) = ‖F
♯
U‖Y .
Remark 2.18. The Amalgam spaces introduced in Definition 2.17 form Banach spaces and are
independent of the chosen neighborhood, with equivalent norms for different choices. See [16].
Proposition 2.19. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Suppose that ψ ∈ SO(R
d). Then Wψψ ∈ W
R(L∞, Lp,qv )(G) for all p, q ∈ [1,∞] and any
admissible weighting function v : G→ R+. In particular, Wψψ ∈ L
1
v(G).
Proof. Let K := supp ψ̂. For some open, relatively compact unit neighborhood V ⊂ H, define
the unit neighborhood U := B1(0) × V of G. Let (x, h) ∈ G be fixed. Then, for arbitrary
N ∈ N, an application of Lemma 2.10(i) gives a constant C = C(N) > 0 such that
(Wψψ)
♯
U (x, h) ≤ sup
(y,k)∈U
|Wψψ(y + kx, kh)|
≤ C‖ψ̂‖2K,N sup
(y,k)∈U
(1 + |y + kx|)−N (1 + ‖kh‖∞)
N+1/2
1((K,K))(kh).
Applying the estimates 1 + |x| ≤ (1 + supk∈V ‖k
−1‖∞)(1 + |y + kx|) and (1 + ‖kh‖∞) ≤
(1+supk∈V ‖k‖∞)(1+‖h‖∞), and defining C
′ := C(1+supk∈V ‖k
−1‖)−N (1+supk∈V ‖k‖)
1
N+1/2
therefore gives
(Wψψ)
♯
U (x, h) ≤ C
′ sup
(y,k)∈G
(1 + |x|)−N (1 + ‖h‖∞)
N
1
V
−1
((K,K))
(h). (2.7)
To estimate the norm ‖Wψψ‖WR(L∞,Y ), recall that since v : G → (0,∞) is admissible, there
exists an s ∈ (0,∞) and a locally bounded weight v0 : H → (0,∞) yielding the estimate
v(x, h) ≤ (1 + |x|)sv0(h). Using this estimate and (2.7) directly entails
‖Wψψ‖WR(L∞,Y ) ≤ C
′
∥∥∥∥|det(h−1)| 1q v0(h)1V −1((K,K))(h)(1 + ‖h‖∞)N
∥∥∥∥(1 + |x|)(s−N)
∥∥∥∥
Lp
∥∥∥∥
Lq
≤ C ′ sup
h∈V
−1
((K,K))
(
|det(h−1)|
1
q v0(h)
)∥∥∥∥(1 + |x|)(s−N)
∥∥∥∥
Lp
∥∥∥∥1V −1((K,K))
∥∥∥∥
Lq
for arbitrary N ∈ N. Hence, choosing N ∈ N such that (1 + |x|)(s−N) ∈ Lp(Rd), that is,
N > d/p + s, yields the claim.
The v-integrability follows since WR(L∞, L1v)(G) →֒ L
1
v(G). 
3. Coorbit spaces associated to integrably admissible dilation groups
This section considers coorbit spaces associated with integrably admissible dilation groups.
In the first subsection the spaces are formally defined and several of their basic properties are
proven. Section 3.2 is devoted to several discretization results.
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3.1. Definition and basic properties.
Definition 3.1. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Let v : G → (0,∞) be an admissible weight and let Y = Lp,qv (G) for p, q ∈ [1,∞]. For a
fixed admissible vector ψ ∈ SO(Rd), the associated coorbit space is defined by
Coψ(Y ) =
{
f ∈ S
′
O(R
d) : Wψf ∈ Y
}
(3.1)
and will be equipped with the norm ‖f‖Co(Y ) = ‖Wψf‖Y .
In settling the basic properties of coorbit spaces, we first prove that the subspace
Yψ := {F ∈ Y : F = F ∗Wψψ}
is a reproducing kernel Banach space in Y , provided that ψ ∈ L2(Rd) is an analyzing vector.
Lemma 3.2. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
Let v : G → (0,∞) be an admissible weight and let Y = Lp,qv (G) for p, q ∈ [1,∞]. Then, for
ψ ∈ SO(R
d), the space Yψ is closed in Y .
Proof. Let (Fn)n∈N be a sequence in Yψ converging to some F ∈ Y . Then there exists a
subsequence (Fnk)k∈N converging to F ∈ Y µG-almost everywhere. Since Wψψ ∈ L
p′,q′
1/v (G)
by Lemma 2.10(i), it follows from Proposition 2.16(iii) that (F ∗Wψψ)(g) is well-defined for
every g ∈ G. Hence, for µG-a.e. g ∈ G,
|F (g) − (F ∗Wψψ)(g)|
≤ |F (g) − Fnk(g)|+ |Fnk(g) − (Fnk ∗Wψψ)(g)| + |(Fnk ∗Wψψ)(g) − (F ∗Wψψ)(g)|
≤ |F (g) − Fnk(g)|+ ‖Wψψ‖Lp
′ ,q′
1/v
‖Fnk − F‖Lp,qv ,
since Fnk − (Fnk ∗Wψψ) = 0 µG-a.e. on G. From this it follows easily that F = F ∗Wψψ
µG-a.e. on G, and thus F ∈ Yψ, as required. 
Proposition 3.3. Let Coψ(Y ) be a coorbit space defined by an admissible vector ψ ∈ SO(R
d).
Then the following assertions hold:
(i) The space Coψ(Y ) is a π-invariant Banach space.
(ii) The space Coψ(Y ) is independent of the chosen admissible vector, i.e., for any two
admissible vectors ψ1, ψ2 ∈ SO(R
d), it holds Coψ1(Y ) = Coψ2(Y ), with equivalent norms.
(iii) The map Wψ : Coψ(Y )→ Yψ is an isometric isomorphism.
Proof. (i). The subadditivity and absolute homogeneity of ‖ · ‖Coψ(Y ) are clear. To show
that ‖ · ‖Co(Y ) is positive definite, let f ∈ Coψ(Y ) and suppose that ‖f‖Coψ(Y ) = 0. Then
〈f, π(x, h)ψ〉 = 0 for µG-a.e. (x, h) ∈ G. Using this, together with the identity (2.6), yields
that
〈f, φ〉 =
∫
G
〈f, π(x, h)ψ〉〈π(x, h)ψ, φ〉 dµG(x, h) = 0
for arbitrary φ ∈ SO(Rd). Thus f = 0, showing that ‖ · ‖Coψ(Y ) is indeed a norm.
For the completeness of Coψ(Y ), let (fn)n∈N be a Cauchy sequence in Coψ(Y ). Then
(Wψfn)n∈N is a Cauchy sequence in Yψ, and hence converges to some F ∈ Yψ by Lemma 3.2.
The map Wψ : SO(Rd) → L
p′,q′
1/v (G) is well-defined by Lemma 2.10(i). Combining this with
Proposition 2.16(iii) yields that
f : SO(R
d)→ C, φ 7→
∫
G
F (g)〈π(g)ψ, φ〉 dµG(g)
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is a well-defined element of S
′
O(R
d). Evaluating f ∈ S
′
O(R
d) on φ = π(y)ψ, y ∈ G, gives
Wψf(y) =
∫
G
F (g)〈π(g)ψ, π(y)ψ〉 dµG(g) = F ∗Wψψ(y) = F (y).
From this it easily follows that Coψ(Y ) is complete.
(ii). Let ψ1, ψ2 ∈ SO(Rd) be admissible. Then Wψ2ψ1 ∈ L
1
w(G) for any admissible control
weight w by Proposition 2.19. Thus, ifWψ1f ∈ Y , thenWψ2f = Wψ1f ∗Wψ2ψ1 ∈ Y ∗L
1
w(G) →֒
Y , with
‖Wψ2f‖Y = ‖Wψ1f ∗Wψ2ψ1‖Y ≤ ‖Wψ2ψ2‖L1w‖Wψ1f‖Y .
by Lemma 2.16(ii). Reversing the role of ψ1 and ψ2 yields ‖Wψ1f‖Y ≍ ‖Wψ2f‖Y , as required.
(iii). We prove the surjectivity of Wψ : Coψ(Y ) → Yψ. The inclusion Wψ(Coψ(Y )) ⊆ Yψ
follows by Lemma 2.11(ii). For the reverse, let F ∈ Yψ. Then similar arguments as in (i)
show that the map φ 7→
∫
G F (g)〈π(g)ψ, φ〉 dµG(g) defines an element f ∈ S
′
O(R
d) satisfying
Wψf = F ∗Wψψ = F ∈ Y , and thus f ∈ Coψ(Y ). 
In light of the above independence result, we will omit the dependence of Coψ(Y ) on
ψ ∈ SO(R
d) and simply write Co(Y ) = Coψ(Y ) in the remainder.
3.2. Discretization results. In this section the results on the discretization of convolution
operators as developed in [19,30] will be applied to the current setting. For this, we adopt the
following terminology.
Definition 3.4. Let G be a locally compact group, let X = (xi)i∈I ⊆ G be a countable,
discrete set and let U ⊆ G be a unit neighborhood.
(i) The set X = (xi)i∈I is called U -dense in G if
⋃
i∈I xiU = G.
(ii) The set X = (xi)i∈I is called U -separated in G if (xiU)i∈I is pairwise disjoint. The set X
is called separated if it is U -separated for some unit neighborhood U ⊆ G and is called
well-spread if it is U -dense and separated.
(iii) The set X = (xi)i∈I is relatively separated if it is a finite union of separated sets.
Remark 3.5. In G = Rd ⋊H, the typical discrete sets X ⊆ G possesses the form
X = {(hjxk, hj) | j ∈ J, k ∈ K}
for uniformly dense and separated sets (hj)j∈J ⊆ H and (xk)k∈K ⊆ Rd. Any such set X can
be shown to be uniformly dense and separated in G.
Definition 3.6. Let Y be a solid Banach function space on G and let X = (xi)i∈I ⊆ G be a
relatively separated set. For a relatively compact neighborhood of the identity U ⊆ G, define∥∥(ci)i∈I∥∥Yd(X) :=
∥∥∥∥∑
i∈I
|ci| 1xiU
∥∥∥∥
Y
and Yd(X) = {(ci)i∈I ∈ CI : ‖(ci)i∈I‖Yd(X) <∞}.
For further reference, we mention some properties of Yd(X) to be used in the sequel.
Remark 3.7. (i) The sequence space Yd(X) forms a well-defined Banach space, independent
of the choice of the defining neighborhood U .
(ii) If Y = Lp,qv (G) for some weight v : G → R+, then the norm ‖ · ‖Yd(X) is equivalent to a
weighted ℓp,q-norm. More precisely, the equivalence reads
‖(cj,ℓ)j∈J,ℓ∈K‖Yd ≍
(∑
j∈J
|det(hj)|
q
p−1
(∑
ℓ∈K
(
|cj,ℓ|v(hjxℓ, hj)|det(hj)|
1
p
− 1
q
)p) qp) 1q
for p, q ∈ [1,∞) and the usual modifications if max{p, q} =∞.
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In particular, for the Lebesgue space Y = Lp(G), the associated sequence space is
Yd(X) = ℓ
p(X) for all p ∈ [1,∞].
The following atomic decomposition result is obtained by applying the general discretization
procedure of convolution operators [19, Section 5] to the integrable kernel K = Wψψ. The
proof method is similar in spirit to the one used in the setting for discrete series representations,
but since the result will be used in the sequel, we provide its proof.
Theorem 3.8. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
Suppose that ψ ∈ SO(R
d) is admissible. Then there exists a unit neighborhood U ⊂ G such
that, for any U -dense and relatively separated set X = (xi)i∈I , the following assertions hold:
(i) Every f ∈ Co(Y ) possesses an expansion
f =
∑
i∈I
ci(f)π(xi)ψ (3.2)
for some coefficients (ci(f))i∈I ∈ Yd(X) satisfying ‖(ci(f))i∈I‖Yd ≤ C1‖f‖Co(Y ), with a
constant C1 > 0 only depending on ψ ∈ SO(R
d).
(ii) Every (ci)i∈I ∈ Yd(X) defines an element
f =
∑
i∈I
ciπ(xi)ψ (3.3)
in Co(Y ) with norm estimate ‖f‖Co(Y ) ≤ C2‖(ci)i∈I‖Yd for some C2 > 0.
The series (3.2) and (3.3) converge unconditionally in the norm of Co(Y ) if p, q ∈ [1,∞) and
in the weak∗-topology, otherwise.
Proof. (i). Since Wψψ ∈ WR(L∞, L1w) for some admissible control weight w : G → R
+, an
application of [30, Theorem 4.10] yields the invertibility of the operator
TΦ : Yψ → Yψ, F 7→
∑
i∈I
〈φi, F 〉LxiWψψ
for some partition of unity Φ = (φi)i∈I subordinate to U ⊆ G. Applying this to F =Wψf ∈ Yψ
for f ∈ Co(Y ) yields that
F = TΦT
−1
Φ F =
∑
i∈I
〈φi, T
−1
Φ F 〉LxiWψψ.
Pulling this back to Co(Y ) through W−1ψ : Yψ → Co(Y ) gives f =
∑
i∈I〈φi, T
−1
Φ Wψf〉π(xi)ψ.
The fact that (〈φi, T
−1
Φ Wψf〉)i∈I ∈ Yd(X) follows directly from [19, Proposition 5.1].
(ii). Since Wψψ ∈WR(L∞, L1w), it follows by [19, Lemma 5.2] that the mapping
(ci)i∈I 7→
∑
i∈I
ciLxiWψψ (3.4)
is well-defined and bounded from Yd(X) into Y , with convergence in Y if p, q ∈ [1,∞) and
point-wise, otherwise. Let (ci)i∈I ∈ Yd(X) →֒ ℓ∞(I) be arbitrary. Define F ∈ L∞(G) by
F (x) = Wψ
(∑
i∈I
ciπ(xi)ψ
)
(x) =
∑
i∈I
ciLxiWψψ(x)
for x ∈ G. Choose an enumeration (in)n∈N of the index set I and define fn ∈ SO(Rd) as
fn :=
n∑
ℓ=1
ciℓπ(xiℓ)ψ. (3.5)
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Then Wψfn(x) =
∑n
ℓ=1 ciℓLxiℓWψψ(x), and thus |Wψfn(x)| ≤ |F (x)| for all x ∈ G. This
yields that fn ∈ Co(Y ). By the Lebesgue dominated convergence theorem, it follows that, for
all φ ∈ SO(Rd),
lim
n→∞
〈fn, φ〉 =
∫
G
lim
n→∞
Wψfn(x)〈π(x, h)ψ, φ〉 dµG(x, h) =
∫
G
F (x)〈π(x, h)ψ, φ〉 dµG(x, h)
= 〈f, φ〉,
where f :=
∑
i∈I ciπ(xi)ψ ∈ S
′
O(R
d). Thus fn → f in the w∗-topology of S
′
O(R
d) as n→∞.
Moreover, if p, q ∈ [1,∞), then the norm convergence of the series in (3.4) yields that fn → f
in Co(Y ) as n→∞. 
Corollary 3.9. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
The space SO(R
d) is norm dense in Co(Y ) if p, q ∈ [1,∞) and w∗-dense, otherwise. Moreover,
for any f ∈ Co(Y ), there exists a sequence (fn)n∈N in SO(R
d) with fn ∈ SO(R
d) such that
fn → f in S
′
O(R
d) and a constant C > 0 such that ‖fn‖Co(Y ) ≤ C‖f‖Co(Y ) for all n ∈ N.
Proof. Let f ∈ Co(Y ) and ψ ∈ SO(Rd). Then f =
∑
i∈I ci(f)π(xi)ψ for some coefficients
(ci(f))i∈I ∈ Yd(X) by Theorem 3.8. Let fn ∈ SO(Rd) be as in (3.5). Then fn → f as n→∞
in the norm topology of Co(Y ) if p, q ∈ [1,∞) and in the w∗-topology, otherwise.
For the moreover part, note that by Theorem 3.8, there exist constants C1, C2 > 0 such
that
‖fn‖Co(Y ) ≤ C2‖(ci(f))i∈I1{i1,...,in}‖Yd ≤ C1C2‖f‖Co(Y ),
which yields the claim. 
Dual to the existence of atomic decompositions as asserted by Theorem 3.8, the existence
of so-called Banach frames in Co(Y ) can be guaranteed. As above, the proof method is very
similar to the discrete series case [30] and now omitted.
Theorem 3.10. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Suppose that ψ ∈ SO(R
d). Then there exists a unit neighborhood U ⊂ G such that, for any
U -dense and relatively separated set X = (xi)i∈I , the following assertions hold:
(i) There exist two constants A,B > 0 such that
A‖f‖Co(Y ) ≤
∥∥(〈f, π(xi)ψ〉)i∈I‖Yd ≤ B‖f‖Co(Y )
for all f ∈ Co(Y ).
(ii) There exists a bounded surjection R : Yd(X)→ Co(Y ) such that f = R(〈f, π(xi)ψ〉)i∈I .
Lastly, we show the existence of p-Riesz sequences [1, 11] in coorbit spaces. To obtain this,
we exploit the following interpolation property of the wavelet transform, which is [20, Theorem
8.2] adapted to our current setting.
Proposition 3.11. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Let ψ ∈ SO(R
d) be normalized. There exists a compact set K ⊆ G and a constant C > 0
such that, for every K-separated set X = (xi)i∈I in G and any sequence c = (ci)i∈I ∈ Yd(X),
there exists f ∈ Co(Y ) such that ‖f‖Co(Y ) ≤ C‖c‖Yd and Wψf(xi) = ci for all i ∈ I.
Proof. By [20, Theorem 7.2], there exists a compact set K ⊆ G such that, for every K-
separated set X = (xi)i∈I , the mapping F 7→ (F ∗Wψψ(xi))i∈I is a bounded surjection from
Y onto Yd(X), i.e., given c = (ci)i∈I ∈ Yd(X), there exists F ∈ Y such that (F ∗Wψψ)(xi) = ci
for all i ∈ I, and ‖F‖Y . ‖c‖Yd(X). Since Wψ : Co(Y )→ Yψ is an isometric isomorphism, the
claim follows readily. 
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Theorem 3.12. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Suppose that ψ ∈ SO(R
d). Then there exists a compact set K ⊆ G such that, for every
K-separated set X = (xi)i∈I in G, there exist constants A,B > 0 such that
A‖c‖Yd(X) ≤
∥∥∥∥∑
i∈I
ciπ(xi)ψ
∥∥∥∥
Co(Y )
≤ B‖c‖Yd(X)
for all c = (ci)i∈I ∈ Yd(X).
Proof. Let K ⊆ G be a compact set with the properties asserted in Proposition 3.11. Let X =
(xi)i∈I be K-separated. Let c = (ci)i∈I ∈ Yd(X) be arbitrary. Choose a c′ = (c′i)i∈I ∈ Y
′
d(X)
satisfying ‖c′‖Y ′d(X) = 1 and 〈c
′, c〉 =
∑
i∈I c
′
ici = ‖c‖Yd(X). Then, by Proposition 3.11, there
exists an f ∈ Co(Y ′) such that ‖f‖Co(Y ′) . 1 and Wψf(xi) = c
′
i for all i ∈ I. Hence
‖c‖Yd(X) =
∑
i∈I
c′ici =
〈
f,
∑
i∈I
ciπ(xi)ψ
〉
≤ ‖f‖Co(Y ′)
∥∥∥∥∑
i∈I
ciπ(xi)ψ
∥∥∥∥
Co(Y )
.
∥∥∥∥∑
i∈I
ciπ(xi)ψ
∥∥∥∥
Co(Y )
,
which proves the desired lower bound. The upper bound follows directly by Theorem 3.8. 
4. Decomposition spaces associated to induced coverings
This section is devoted to decomposition spaces and the main ingredients for defining these
spaces, namely admissible coverings and associated subordinate partitions of unity. In partic-
ular, we will construct covers and partitions of unity that are suitable for identifying coorbit
spaces as decomposition spaces.
4.1. Construction of induced covering and an admissible weight. The definition of a
decomposition space is based on the notion of an admissible coverings [17].
Definition 4.1. Let O ⊂ R̂d be open. A family Q = (Qi)i∈I of subsets Qi ⊂ O is called an
admissible covering of O, if
(i) Q is a covering of O, i.e, O =
⋃
i∈I Qi;
(ii) Qi 6= ∅ for all i ∈ I;
(iii) NQ := supi∈I |i
∗| <∞, where i∗ := {ℓ ∈ I : Qℓ ∩Qi 6= ∅}.
The aim of this subsection is to construct a cover of the essential frequency support O that
is induced by the action of the associated integrably admissible dilation group H ≤ GL(d,R).
The construction relies on the following technical lemmata, which extend the corresponding
results in [29] to the setting of integrably admissible dilation groups.
Lemma 4.2. Let H ≤ GL(d,R) be integrably admissible with essential frequency support O.
Let K ⊆ O be compact. Then, given a relatively compact unit neighborhood V ⊆ H and a
V -separated family (hi)i∈I ⊆ H, there exists a constant C = C(K,V ) > 0 such that, for all
h ∈ H,
|Ih| ≤ C,
where Ih := {i ∈ I | h
−TK ∩ h−Ti K 6= ∅}.
Proof. Let K ⊆ O be compact and let (hi)i∈I ⊆ H be a V -separated set. Set L := ((K,K)),
which is relatively compact by Corollary 2.5. If i ∈ Ih, then h−TK ∩h
−T
i K 6= ∅, which entails
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hi ∈ hL. Hence hiV ◦ ⊆ hLV , and (hiV ◦)i∈Ih is a pairwise disjoint collection of subsets of
hLV . Using these observations, it follows that, for a finite subset J ⊆ Ih,
|J | =
1
µH(V ◦)
∑
i∈J
µH(hiV
◦) =
1
µH(V ◦)
µH
(⋃
i∈J
hiV
◦
)
≤
µH(hLV )
µH(V ◦)
=
µH(LV )
µH(V ◦)
.
Since J ⊆ Ih can be chosen arbitrary, the result follows. 
Lemma 4.3. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O = HTC. Suppose that (hi)i∈I is a well-spread family in H. Then there exists a relatively
compact set Q ⊂ Rd satisfying Q ⊂ O and O =
⋃
i∈I h
−T
i Q.
Proof. Let (hi)i∈I be a well-spread family and let U ⊆ H be a relatively compact set such that
H =
⋃
i∈I hiU . Then
O = HTC = H−TC =
⋃
i∈I
h−Ti U
−TC,
which shows that Q = (h−Ti U
−TC)i∈I is a covering of O. Note that Q := U−TC has a compact
closure Q = U
−T
C ⊆ O since C ⊆ O is compact. 
Motivated by the previous result, we make the following formal definition.
Definition 4.4. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O ⊂ R̂d. Let (hi)i∈I ⊆ H be well-spread and let Q ⊆ R̂d be relatively compact with Q ⊆ O.
A covering Q = (Qi)i∈I of O possesing the form Qi = h
−T
i Q is called a covering of O induced
by H.
Any induced cover is admissible in the sense of Definition 4.1:
Proposition 4.5. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O. Any cover Q = (Qi)i∈I of O induced by H is an admissible cover.
Proof. Let Q = (h−Ti Q)i∈I be an induced cover of O, with Q ⊆ R̂
d having compact closure
Q ⊆ O. Then, by Lemma 4.2, there exists a constant C > 0 such that |Ihi | ≤ C for all i ∈ I,
where Ihi := {j ∈ I | h
−T
j Q ∩ h
−T
i Q 6= ∅}. But i
∗ = Ihi , and thus Q is admissible. 
To close this subsection, we mention some facts on Q-moderate weights that will be needed
in the remainder.
Definition 4.6. Let Q = (Qi)i∈I be an admissible covering of an open set O ⊂ R̂d.
(i) A function u : O → R+ is called Q-moderate if there exists a CQ > 0 such that
u(x)/u(y) ≤ C for all x, y ∈ Qi and i ∈ I.
(ii) A sequence u : I → R+ is called Q-moderate if supi∈I supℓ∈i∗ ui/uℓ <∞.
(iii) A sequence u′ : I → R+ is called a discretization of u : O → R+ if, for every i ∈ I, there
exists an xi ∈ Qi such that u′i = u(xi).
Remark 4.7. A discretization of a Q-moderate function is Q-moderate as a sequence and,
moreover, any two discretizations are equivalent as weighting functions.
In the sequel, we will repeatedly transplant a weight v : H → R+ into a function u : O → R+
by use of a cross-section. The resulting function u will be called a transplant of v from H onto
O. By suitable assumptions on the weight v, the resulting transplant u is Q-moderate.
Lemma 4.8. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O = HTC. Let v : H → R+ be a v0-moderate weight for some locally bounded, submultiplicative
weight v0 : H → R
+.
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For each ξ ∈ O, choose an hξ ∈ H and a ξ0 ∈ C satisfying ξ = h
T
ξ ξ0 and define
u : O → R+, ξ 7→ v(hξ).
Then u : O → R+ is Q-moderate for every covering Q of O induced by H. Moreover, it is
independent of the choices of hξ and ξ0, with equivalent weights for different choices.
Proof. The proof follows by similar arguments proving [29, Lemma 23], and thus skipped. 
4.2. Construction of a BAPU subordinate to an induced covering. This subsection
is devoted to the explicit construction of a BAPU subordinate to a covering of O induced by
H.
Definition 4.9. Let Q = (Qi)i∈I be an admissible covering of an open subset O ⊂ R̂d. A
family Φ = (ϕi)i∈I is called a bounded admissible partition of unity (BAPU) subordinate to Q
if
(i) ϕi ∈ C∞c (O) for all i ∈ I;
(ii)
∑
i∈I ϕi(ξ) = 1 for all ξ ∈ O;
(iii) ϕi(ξ) = 0 for all ξ ∈ O \Qi for all i ∈ I;
(iv) CΦ := supi∈I ‖F
−1ϕi‖L1 <∞.
The construction of the BAPU in Theorem 4.11 below is similar in spirit as the construction
in [29, Section 6] and relies on the following auxiliary lemma.
Lemma 4.10. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O ⊆ R̂d. For ψ ∈ SO(R
d) and a measurable, relatively compact set U ⊆ H, the function
ϕU : R̂
d → [0,∞), ξ 7→
∫
U
∣∣ψˆ(hT ξ)∣∣2 dµH(h)
is well-defined and ϕU ∈ D(O), with suppϕU ⊆ U
−T
supp ψˆ ⊆ O.
The inverse Fourier transform F−1ϕU of ϕU is given by
(
F−1ϕU
)
(x) =
∫
U
F−1
(
|ψˆ|2
)
(h−1x)
|det(h)|
dµH(h)
for all x ∈ Rd, with ‖F−1ϕU‖L1 ≤ µH(H)‖F
−1(|ψˆ|2)‖L1 .
Proof. Combine [29, Lemma 27] and [29, Lemma 28]. 
Theorem 4.11. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O = HTC. Let (hi)i∈I be well-spread in H and let U ⊆ H be a measurable, relatively compact
set such that H =
⋃
i∈I hiU .
(i) Given an enumeration (in)n∈N of I, define Uin := hinU \
⋃n−1
m=1 himU for n ∈ N. Then
(Ui)i∈I is a measurable partition of H satisfying Ui ⊆ hiU for all i ∈ I.
(ii) For an admissible analyzing vector ψ ∈ SO(R
d), with ψ̂−1(C \ {0}) ⊃ C, define the open
set Q := U−T
(
ψˆ−1(C\{0})
)
. Then Q ⊂ O is relatively compact with closure Q ⊂ O and
the collection Q = (h−Ti Q)i∈I forms a covering of O induced by H. Moreover, the family
(ϕUi)i∈I of functions
ϕUi :=
∫
Ui
∣∣ψˆ(hT ξ)∣∣2 dµH(h) ∈ D(O)
forms a BAPU subordinate to Q.
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Proof. Assertion (i) is a standard fact from measure theory.
For (ii), let ψ ∈ SO(Rd) be admissible, with W := ψ̂−1(C \ {0}) ⊃ C. Define the open set
Q =
⋃
h∈U
h−TW ⊆ O.
Then Q is relatively compact since Q ⊆ U
−T
supp ψˆ ⊆ O is compact. For the covering property
O =
⋃
i∈I h
−T
i Q, simply note that⋃
i∈I
h−Ti Q =
⋃
i∈I
(hiU)
−TW ⊃ HTC = O,
and O ⊃
⋃
i∈I h
−T
i Q since O is H
T -invariant.
It remains to show that (ϕUi)i∈I forms a BAPU subordinate to Q. For this, note that an
application of Lemma 4.10 yields that ϕUi ∈ D(O) with ϕUi ≡ 0 on O \ (h
−T
i Q), and
‖F−1ϕUi‖L1 ≤ µH(Ui)‖F
−1(|ψˆ|2)‖L1 ≤ µH(U)‖F
−1(|ψˆ|2)‖L1 ,
yielding that supi∈I ‖F
−1ϕUi‖L1 < ∞. Lastly, using that ψ ∈ SO(R
d) is admissible and
(Uin)n∈N forms a partitition of H, it follows that∑
i∈I
ϕUi(ξ) =
∞∑
n=1
ϕUin (ξ) =
∞∑
n=1
∫
Uin
∣∣ψˆ(hT ξ)∣∣ dµH(h) = ∫
H
∣∣ψˆ(hT ξ)∣∣ dµH(h) = 1,
which shows that (ϕUi)i∈I is a BAPU subordinate to Q. 
4.3. Definition of decomposition spaces. Following [47, 49], we consider the Fourier dis-
tributions as a reservoir for the decomposition spaces.
Definition 4.12. Let O ⊂ R̂d be open and set Z(O) := F(C∞c (O)). The space Z(O) will be
equipped with the unique topology making the Fourier transform F : C∞c (O) → Z(O) into
a homeomorphism. The topological dual space (Z(O))′ of Z(O) is denoted by Z ′(O). The
bilinear duality pairing between Z ′(O) and Z(O) is denoted by (·, ·) = Z ′(O)× Z(O)→ C.
The Fourier transform of an f ∈ Z ′(O) is defined by duality as
F : Z ′(O)→ D′(O), f 7→ f̂ := f ◦ F .
Definition 4.13. Let p, q ∈ [1,∞]. Let Q = (Qi)i∈I be an admissible covering of an open set
O ⊂ R̂d with a subordinate BAPU (ϕi)i∈I . Let u = (ui)i∈I be Q-moderate. For f ∈ Z ′(O),
set
‖f‖D(Q,Lp,ℓqu) :=
∥∥∥(‖F−1(ϕi · f̂ )‖Lp)i∈I∥∥∥
ℓqu
∈ [0,∞] , (4.1)
and define the associated decomposition space D(Q, Lp, ℓqu) as
D(Q, Lp, ℓqu) :=
{
f ∈ Z ′(O) : ‖f‖D(Q,Lp,ℓqu) <∞
}
.
Remark 4.14. The decomposition spaces D(Q, Lp, ℓqu) form Banach spaces for all p, q ∈ [1,∞]
and its definition is independent of the chosen BAPU, with equivalent norms for different
choices. For proofs of these and other properties, the reader is referred to [49].
The following result, which is specific for the setting considered here, is [29, Corollary 26].
Lemma 4.15. Let H ≤ GL(d,R) be integrably admissible with frequency support O ⊂ R̂d.
Suppose that Q = (h−Ti Q)i∈I and Q
′ = (h−Ti Q
′)i∈I are coverings of O induced by H. Then
D(Q, Lp, ℓqu) = D(Q
′, Lp, ℓqu)
20 HARTMUT FÜHR AND JORDY TIMO VAN VELTHOVEN
with equivalent norms for every transplant u : O → R+ obtained from a v0-moderate weight
v : H → R+ relative to a locally bounded, submultiplicative weight v0 : H → R
+.
In the next section, we will prove our results on the space SO(Rd) and then extend it by a
suitable density argument. For this, the following notion of a dominated distribution will be
useful. See [43].
Definition 4.16. Let I be a countable index set, and let u : I → R+ be a weight. For a
sequence F = (Fi)i∈I of functions Fi ∈ Lp(Rd), define
ℓqu(I;L
p) :=
{
F : I → Lp(Rd) :
∥∥(‖Fi‖Lp)i∈I∥∥ℓqu <∞}
and equip it with the norm ‖F‖ℓqu(I;Lp) =
∥∥(‖Fi‖Lp)i∈I∥∥ℓqu . Let Q = (Qi)i∈I be an admissible
covering of an open set O ⊂ Rd with Q-BAPU (ϕi)i∈I . A distribution f ∈ Z ′(O) is called
F -dominated by F ∈ ℓqu(I;Lp) if
|F−1(ϕi · f̂)| ≤ Fi
for all i ∈ I.
Lemma 4.17. Let Q = (Qi)i∈I be an admissible covering of an open set O ⊂ R̂
d with Q-BAPU
Φ = (ϕi)i∈I and let u = (ui)i∈I be a Q-moderate weight. Then
(i) The inclusion SO(R
d) ⊂ D(Q, Lp, ℓqu) holds for all p, q ∈ [1,∞].
(ii) If p, q ∈ [1,∞), then SO(R
d) is norm dense in D(Q, Lp, ℓqu).
(iii) If p, q ∈ [1,∞] and f ∈ D(Q, Lp, ℓqu), then there is an F ∈ ℓ
q
u(I;Lp) and a constant
CΦ,Q > 0 such that
‖F‖ℓqu(I;Lp) ≤ CΦ,Q‖f‖D(Q,Lp,ℓqu)
Moreover, there exists a sequence (fn)n∈N of F -dominated functions fn ∈ SO(R
d) such
that fn → f , with convergence in Z
′(O).
For the proof of the following Fatou-like property, cf. [29, Lemma 36].
Lemma 4.18. Let D(Q, Lp, ℓqu) be a decomposition space. Suppose (fn)n∈N is a sequence in
D(Q, Lp, ℓqu) such that lim infn→∞ ‖fn‖D(Q,Lp,ℓqu) <∞ and fn → f ∈ Z
′(O), with convergence
in Z ′(O). Then f ∈ D(Q, Lp, ℓqu) and ‖f‖D(Q,Lp,ℓqu) ≤ lim infn→∞ ‖fn‖D(Q,Lp,ℓqu).
5. Identification of coorbit and decomposition spaces
This section is devoted to identifying coorbit spaces associated to integrably admissible
dilation groups with suitable decomposition spaces. To obtain this, it will first be shown
that the identity map I : SO(Rd) → SO(Rd) is bi-continuous from the coorbit space into the
decomposition space. The general result will then be obtained by a suitable density argument.
Throughout the section, we will only consider admissible weighting functions v : G→ R+ of
the form (x, h) 7→ v0(h) for some weight v0 : H → R+. Clearly, any such weight is admissible
with s = 0 and we will identify v0 with its trivial extension and simply write v = v0. Given
any such weight v, denote v˜ : H → R+, h 7→ |det(h−1)|
1
2
− 1
q v(h−1) and let u : O → R+ be a
transplant of v˜ with discretization u : I → R+ given by ui = |det(hi)|
1
2
− 1
q v(hi).
5.1. Continuity from the coorbit space into the decomposition space. For estimating
the decomposition space norm of an f ∈ SO(Rd), we will make use of the following localization
result [29, Lemma 34], where we use the notation Dhf := f(hT ·).
Lemma 5.1. Let U ⊆ H ≤ GL(d,R) be relatively compact and measurable. For f, ψ ∈ S(Rd),(
F−1
(
ϕU · f̂
))
(x) =
∫
U
|det(h)|−3/2
(
Wψf(·, h) ∗Dh−Tψ
)
(x) dµH(h)
for any x ∈ Rd.
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Proposition 5.2. Let p, q ∈ [1,∞]. Let H ≤ GL(d,R) be integrably admissible with essential
frequency support O ⊆ R̂d. Let ψ ∈ SO(R
d) be admissible and let (hi)i∈I be well-spread in
H with H =
⋃
i∈I hiU for some relatively compact unit neighborhood U ⊆ H. Let Q =
U−T
(
ψ̂−1(C \ {0})
)
and let Q = (h−Ti Q)i∈I be the corresponding induced covering of O. Then
‖f‖D(Q,Lp,ℓqu) . ‖f‖Co(Lp,qv (G))
for all f ∈ SO(R
d).
Proof. Let (ϕUi)i∈I be a Q-BAPU as guaranteed by Theorem 4.11. Then applying Lemma 5.1
and Young’s inequality give∥∥∥∥F−1(ϕUi · f̂)
∥∥∥∥
Lp
≤
∫
Ui
|det(h)|−
3
2 ‖Wψf(·, h) ∗Dh−Tψ‖Lp dµH(h)
≤ ‖ψ‖L1
∫
Ui
|det(h)|−
1
2‖Wψf(·, h)‖Lp dµH(h). (5.1)
Assume that µH(Ui) > 0. If q ∈ [1,∞), then using (5.1) gives∥∥∥∥F−1(ϕUi · f̂)
∥∥∥∥q
Lp
≤
(
‖ψ‖L1µH(Ui)
)q 1
µH(Ui)
∫
Ui
(
|det(h)|−
1
2 ‖Wψf(·, h)‖Lp
)q
dµH(h)
≤
(
‖ψ‖L1µH(U)
)q−1 ∫
Ui
(
|det(h)|
1
q
− 1
2‖Wψf(·, h)‖Lp
)q dµH(h)
|det(h)|
(5.2)
Clearly, the estimate remains valid if µH(Ui) = 0. Write h ∈ Ui as h = hiu for some u ∈ U
and set C1 := minh∈U |det(h)| and C2 := maxh∈U |det(h)|. Then
|det(h)|
1
q
− 1
2
|det(hi)|
1
q
− 1
2
≤ max
{
C
1
q
− 1
2
1 , C
1
q
− 1
2
2
}
=: C3
Using this uniform bound, together with (5.2), we estimate∑
i∈I
(
ui
∥∥F−1(ϕUi · f̂)∥∥Lp
)q
≤
(
‖ψ‖L1
(
µH(U)
)1− 1
q
)q∑
i∈I
(∫
Ui
(
|det(h)|
1
q
− 1
2
|det(hi)|
1
q
− 1
2
v(hi) ‖Wψf(·, h)‖Lp
)q dµH(h)
|det(h)|
)
≤ Cq3C
q
v
(
‖ψ‖L1
(
µH(U)
)1− 1
q
)q∑
i∈I
(∫
Ui
(
v(h)‖Wψf(·, h)‖Lp
)q dµH(h)
|det(h)|
)
= Cq3C
q
v
(
‖ψ‖L1
(
µH(U)
)1− 1
q
)q
‖Wψf‖
q
Lp,qv
,
where Cv > 0 is such that v(hi) ≤ Cvv(h). This proves the case q ∈ [1,∞[.
For the remaining case q =∞, note that
sup
i∈I
(
ui
∥∥∥∥F−1(ϕUi · f̂)
∥∥∥∥
Lp
)
≤ ‖ψ‖L1 sup
i∈I
∫
Ui
(
|det(h)|
|det(hi)|
)− 1
2
v(hi)‖Wψf(·, h)‖Lp dµH(h)
≤ C
− 1
2
1 Cv‖ψ‖L1 sup
i∈I
∫
Ui
v(h)‖Wψf(·, h)‖Lp dµH(h)
≤ C
− 1
2
1 CvµH(U)‖ψ‖L1‖Wψf‖Lp,qv ,
yields the result. 
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5.2. Continuity from the decomposition space into the coorbit space. The next result
provides the continuity from the decomposition space into the coorbit space on the dense
subspace SO(Rd).
Proposition 5.3. Let p, q ∈ [1,∞]. Let H ≤ GL(d,R) be integrably admissible with essential
frequency support O ⊂ R̂d. Let Q = (h−Ti Q)i∈I be any cover of O induced by H admitting a
BAPU Φ = (ϕi)i∈I subordinate to Q. Then
‖f‖Co(Lp,qv (G)) . ‖f‖D(Q,Lp,ℓqu)
for all f ∈ SO(R
d).
Proof. Let (ϕi)i∈I be a Q-BAPU and let f, ψ ∈ SO(Rd) with ψ admissible. Set K := supp ψ̂.
Then an application of Lemma 4.2 provides a constant C1 > 0 such that #Ih ≤ C1 for all
h ∈ H, with Ih := {i ∈ I | h−TK ∩ h
−T
i Q 6= ∅}. For fixed h ∈ H, note that
1 =
∑
i∈I
ϕi(x) =
∑
i∈Ih
ϕi(x)
for all x ∈ h−TK. Hence, for fixed (x, h) ∈ G,
Wψf(x, h) = 〈f̂ , ̂π(x, h)ψ〉 =
∑
i∈Ih
〈
f̂ · ϕi, ̂π(x, h)ψ
〉
=
∑
i∈Ih
〈
F−1(f̂ · ϕi), π(x, h)ψ
〉
and
〈
F−1(f̂ · ϕi), π(x, h)ψ
〉
= |det(h)|−
1
2
∫
Rd
(
F−1(f̂ · ϕi)
)
(y)Dh−Tψ(y − x) dy
= |det(h)|−
1
2
((
F−1(f̂ · ψi)
)
∗
(
Dh−Tψ
∗)
)
(x),
where ψ∗ := ψ(−·). Therefore, an application of Young’s inequality yields
∥∥Wψf(·, h)∥∥Lp ≤ |det(h)|− 12 ∑
i∈Ih
∥∥(F−1(f̂ · ϕi) ∗ (Dh−Tψ∗)∥∥Lp
≤ |det(h)|
1
2 ‖ψ∗‖L1
∑
i∈Ih
∥∥F−1(f̂ · ϕi)∥∥Lp . (5.3)
To estimate (5.3) further, we construct a suitable auxiliary covering Q′ of O. For this, recall
that since (hi)i∈I is well-spread, there exists a relatively compact, measurable set U ⊆ H such
that H =
⋃
i∈I hiU . Setting K2 := U
−T
K∪Q yields the induced covering Q′ = (Q′i)i∈I , where
Q′i := h
−T
i K2. Hence NQ′ := supi∈I i
∗
Q′ <∞ by definition, where i
∗
Q′ := {ℓ ∈ I : Q
′
ℓ∩Q
′
i 6= ∅}.
For i ∈ I, h ∈ hiU and j ∈ Ih, note that
h−TK ∩ h−Tj Q ⊂ Q
′
i ∩Q
′
j ,
and thus Ih ⊂ i∗Q′ for any i ∈ I and h ∈ hiU .
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To show the case q ∈ [1,∞[, let i ∈ I and h ∈ hiU . Using the just proven inclusion Ih ⊂ i∗Q′ ,
we estimate (5.3) further by
|det(h)|−1
(
v(h)
∥∥Wψf(·, h)∥∥Lp
)q
≤ |det(h)|−1
(
v(h)|det(h)|
1
2‖ψ∗‖L1
∑
ℓ∈i∗
Q′
∥∥F−1(f̂ · ϕℓ)∥∥Lp
)q
≤
(
‖ψ∗‖L1 |det(h)|
1
2
− 1
q v(h)
)q
N qQ′
∥∥∥∥
(∥∥F−1(f̂ · ϕℓ)∥∥qLp
)
ℓ∈i∗
Q
∥∥∥∥
ℓ∞
≤
(
NQ′ max
h∈U
|det(h)|
1
2
− 1
qCv‖ψ
∗‖L1
)q ∥∥∥∥
(
uqℓ
∥∥F−1(f̂ · ϕℓ)∥∥qLp
)
ℓ∈i∗
Q
∥∥∥∥
ℓ1
≤
(
CQ′NQ′ max
h∈U
|det(h)|
1
2
− 1
qCv‖ψ
∗‖L1
)q ∑
ℓ∈i∗
Q′
(
uℓ
∥∥F−1(f̂ · ϕℓ)∥∥Lp
)q
,
where Cv > 0 is such that v(h) ≤ Cvv(hi). Seting C2 := CQ′NQ′ maxh∈U |det(h)|
1
2
− 1
qCv‖ψ
∗‖L1
gives ∥∥Wψf∥∥qLp,qv ≤∑
i∈I
∫
hiU
(
v(h)
∥∥Wψf(·, h)∥∥Lp
)q dµH(h)
|det(h)|
≤ µH(U)C
q
2
∑
i∈I
∑
ℓ∈i∗
Q′
(
uℓ
∥∥F−1(f̂ · ϕℓ)∥∥Lp
)q
≤ µH(U)C
q
2NQ′‖f‖
q
D(Q,Lp,ℓqu)
,
which shows the case q ∈ [1,∞[.
For the remaining case q =∞, let h ∈ H be arbitrary and choose i ∈ I such that h ∈ hiU .
Then a direct calculation using (5.3) gives
v(h)
∥∥Wψf(·, h)∥∥Lp ≤ Cvmax
h∈U
|det(h)|
1
2
− 1
q ‖ψ∗‖L1
∑
ℓ∈Ih
ui
∥∥F−1(f̂ · ϕi)∥∥Lp
≤ CvCQ′NQ′ max
h∈U
|det(h)|
1
2
− 1
q ‖ψ∗‖L1 sup
ℓ∈I
(
uℓ
∥∥F−1(f̂ · ϕi)∥∥Lp
)
= CvCQ′NQ′ max
h∈U
|det(h)|
1
2
− 1
q ‖ψ∗‖L1‖f‖D(Q,Lp,ℓqu).
This completes the proof. 
5.3. Isomorphism. This section finishes the proof of the identification of a coorbit space with
a suitable associated decomposition space. For this, we first relate the reservoirs S
′
O(R
d) and
Z ′(O) defining Co(Y ) and D(Q, Lp, ℓqu), respectively.
Lemma 5.4. Let O ⊂ R̂d be an open set. Then the map Φ : S
′
O(R
d) → Z ′(O) defined by
Φ(f)(φ) := 〈f, φ〉 forms a linear homeomorphism.
Proof. The map SO(Rd) ∋ φ 7→ φ ∈ Z(O) forms a homeomorphism. The claim follows
therefore by duality. 
In the sequel, we will canonically identify f ∈ S
′
O(R
d) and Φ(f) ∈ Z ′(O) and write, with
an abuse of notation, simply f = Φ(f).
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Theorem 5.5. Let H ≤ GL(d,R) be integrably admissible with essential frequency support
O ⊆ R̂d. Let Q = (h−Ti Q)i∈I be any cover of O induced by H admitting a BAPU Φ = (ϕi)i∈I
subordinate to Q. Moreover, let u : O → R+ be a transplant of h 7→ |det(h−1)|
1
2
− 1
q v(h−1).
Then, up to canonical identification, the norm equivalence
‖ · ‖Co(Lp,qv (G)) ≍ ‖ · ‖D(Q,Lp,ℓqu)
holds for all p, q ∈ [1,∞]. In particular, the spaces Co(Lp,qv (G)) and D(Q, Lp, ℓ
q
u) are isomor-
phic as Banach spaces.
Proof. Let f ∈ Co(Y ). By Corollary 3.9, there exists a sequence (fn)n∈N with functions fn ∈
SO(R
d) satisfying fn → f in S
′
O(R
d) and ‖fn‖Co(Y ) ≤ C‖f‖Co(Y ) for all n ∈ N. Proposition
5.2 yields a constant C ′ > 0 such that ‖ · ‖D(Q,Lp,ℓqu) ≤ C
′‖ · ‖Co(Y ) on SO(R
d). Combining
this, together with Lemma 4.18, yields that
‖f‖D(Q,Lp,ℓqu) ≤ lim infn→∞
‖fn‖D(Q,Lp,ℓqu) ≤ C
′ lim inf
n→∞
‖fn‖Co(Y ) ≤ CC
′‖f‖Co(Y ),
which gives the embedding Co(Y ) →֒ D(Q, Lp, ℓqu).
For the reverse, let f ∈ D(Q, Lp, ℓqu). Then, by Lemma 4.17, there exists an F ∈ ℓ
q
u(I;Lp)
satisfying ‖F‖ℓqu(I;Lp) ≤ CΦ,Q‖f‖D(Q,Lp,ℓqu). Moreover, there exists a sequence (fn)n∈N of F -
dominated functions fn ∈ SO(Rd) such that fn → f in the weak∗-topology on Z ′(O). Hence
limn→∞Wψfn(x) = Wψf(x) for all x ∈ G. Therefore
‖f‖Co(Y ) = lim
n→∞
‖fn‖Co(Y ) ≤ C0 lim
n→∞
‖fn‖D(Q,Lp,ℓqu) ≤ C0 limn→∞
‖F‖ℓqu(I;Lp)
≤ C0CΦ,Q‖f‖D(Q,Lp,ℓqu),
where C0 > 0 is provided by Proposition 5.3. 
6. Examples and applications
This section provides examples of (classes of) integrably admissible dilation groups and
their associated coorbit spaces. Moreover, several applications of their decomposition space
realization are given.
Example 6.1. Let H ≤ GL(d,R) be (irreducibly) admissible, i.e., there exists a single open,
co-null orbit O = HT ξ0, for ξ0 ∈ R̂d, for which the stabilizer group Hξ0 is compact. The quasi-
regular representation (π,L2(Rd)) of G = Rd ⋊ H is a discrete series representation by [24,
Corollary 21]. Moreover, since H is integrably admissible, the representation (π,L2(Rd)) is
w-integrable for any admissible control weight w : G → R+ by Proposition 2.19. The coorbit
space theory developed in [19, 20] is therefore applicable in this setting. We will relate the
original spaces [19, 20] to the ones defined in (3.1).
Let v : G → R+ be an admissible weight and let w : G → R+ be an admissible control
weight of the same type. Fix a vector ψ ∈ L2(Rd) \ {0} satisfying Wψψ ∈ L1w(G) and define
H1,w =
{
f ∈ L2(Rd) : Wψf ∈ L
1
w(G)
}
6= ∅.
Denoting by H′1,w the anti-dual space of H1,w, the coorbit spaces in [19] are defined as
CoH(Y ) :=
{
f ∈ H′1,w : 〈f, π(·)ψ〉 ∈ L
p,q
v (G)
}
. (6.1)
Note that any non-zero ψ ∈ SO(Rd) can be used to define the space H1,w.
By [29, Corollary 11], the mapping Θ : H′1,w → Z
′(O), f 7→
(
φ 7→ f(φ)
)
is well-defined,
injective, linear and continuous with respect to the weak∗-topology on H′1,w. Using the map
Φ : S
′
O(R
d) → Z ′(O) from Lemma 5.4, it can then be deduced from [29, Theorem 38] that
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Φ−1 ◦ Θ : H′1,w → S
′
O(R
d) induces an isometric isomorphism Φ−1 ◦ Θ : CoH(Y ) → Co(Y ).
Thus, up to suitable identification, for all p, q ∈ [1,∞],
CoH(L
p,q
v (G)) = Co(L
p,q
v (G))
provided that both spaces are defined in terms of some admissible ψ ∈ SO(Rd).
For applications of the realization of a coorbit space as a decomposition space in the setting
of irredubily admissible dilation groups, the reader is referred to [29, Section 9] and [35]. 
The following example treats the anisotropic Besov spaces considered in [2, 5].
Example 6.2. Let H = 〈A〉 = {Aj : j ∈ Z} be the cyclic group generated by A ∈ GL(d,R).
Recall that a matrix A ∈ GL(d,R) is called expansive if all its eigenvalues λ ∈ σ(A) satisfy
|λ| > 1. The dilation group H = 〈A〉 is integrably admissible if, and only if, either A or
its inverse A−1 is expansive, see [36, 45]. In this case, the essential frequency support of the
quasi-regular representation (π,L2(Rd)) of G = Rd ⋊H is given by O = R̂d \ {0}.
Given an open set C ⊂ R̂d such that C ⊂ R̂d \ {0} is compact, a cover QA = (Qj)j∈Z of
R̂d\{0}, with Qj := AjC, is called an homogeneous cover induced by A, see [7]. A homogeneous
cover induced by AT is readily seen to be an induced cover of O in the sense of Definition 4.4.
For α ∈ Z, define the weighting function uα,A : Z → R+ by uα,A(j) = |det(A)|jα. Then,
by [7, Theorem 5.6], for p, q ∈ [1,∞], the decomposition space D(QAT , L
p, ℓqvα,A) coincides, up
to suitable identification, with the (homogeneous) anisotropic Besov space
B˙p,qα (R
d;A) :=
{
f ∈ S ′(Rd) :
∥∥(‖f ∗ ϕj‖Lp)j∈Z∥∥ℓquα,A <∞
}
,
where ϕj := |det(A)|jϕ(Aj ·) for some ϕ ∈ S(Rd) satisfying supp ϕ̂ ⊂ [−1, 1]d \ {0} and∑
j∈Z
∣∣ϕ̂((AT )jξ)∣∣ > 0 for all ξ ∈ R̂d \ {0}. By Theorem 5.5, the anisotropic Besov space
B˙p,qα (Rd;A) can be canonically identified as a coorbit space Co(L
p,q
v (Rd ⋊ 〈A〉)).
We will next detail the classification results obtained in [7] to state similar results for the
coorbit spaces. For this, define an A-homogeneous quasi-norm as a Borel map ρA : R̂d → [0,∞)
that is positive definite, A-homogeneous, i.e., ρA(Ax) = |det(A)|ρA(x), and satisfies the quasi-
trangle inequality ρA(x+ y) . (ρA(x) + ρA(y)). As usual, two quasi-norms ρA, ρB are called
equivalent if ρA ≍ ρB . In this terminology, [7, Theorem 5.10] asserts that, given two expansive
matrices A1, A2 ∈ GL(d,R), it holds that B˙
p,q
α (Rd;A1) = B˙
p,q
α (Rd;A2) for all p, q ∈ [1,∞]
if, and only if, the quasinorms ρAT
1
and ρAT
2
are equivalent. As a direct consequence, the
corresponding coorbit spaces coincide, i.e.,
Co(Lp,qv (R
d
⋊ 〈A1〉)) = Co(L
p,q
v (R
d
⋊ 〈A2〉))
for all p, q ∈ [1,∞] if, and only if, the equivalence ρAT
1
≍ ρAT
2
holds.
For explicit and checkable criteria for the equivalence of homogeneous quasi-norms, the
interested reader is referred to [4, Section 10] and [7, Section 6], with the caveat that the latter
source corrects some fallacies contained in the earlier one. 
We next comment on coorbit spaces associated to one-parameter subgroups in more detail.
The following result formulates a criterion for the integrable admissibility of these groups, it
is [31, Theorem 1.1] rephrased in the terminology used in this paper.
Proposition 6.3. Let A ∈ Rd×d. The associated one-parameter group H = exp(RA) is
integrably admissible if, and only if, either the real parts of all eigenvalues are strictly positive
or strictly negative. The essential frequency support associated to H is given by O = Rd \ {0}.
The condition on A ∈ Rd×d formulated in the proposition is equivalent to saying that
the eigenvalues of exp(A) either all have modulus < 1 or all have modulus > 1, which is
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precisely the condition of expansiveness underlying the construction of anisotropic Besov spaces
according to [4]. This raises the very natural question how the coorbit spaces associated to
exp(RA) are related to those associated to 〈exp(A)〉, i.e., to (homogeneous) anisotropic Besov
spaces associated to exp(A). Since 〈exp(A)〉 ⊂ exp(RA), with compact quotient, this question
is a special case of the following somewhat more general observation.
Lemma 6.4. Let H1 ≤ H2 ≤ GL(d,R) be two closed subgroups such that H2/H1 compact.
Suppose that H2 is integrably admissible with essential frequency support O ⊂ R̂
d. Then the
following assertions hold:
(i) The group H1 ≤ GL(d,R) is integrably admissible with essential frequency support O.
(ii) The groups H1,H2 ≤ GL(d,R) induce the same coorbit spaces in the following sense:
If v1, v2 are admissible weights on R
d ⋊ H1 respectively R
d ⋊ H2, depending only on
the second variable, such that v1 is equivalent to the restriction v2|Rd⋊H1 , then
Co(Lp,qv1 (R
d
⋊H1)) = Co(L
p,q
v2 (R
d
⋊H2))
for all 1 ≤ p, q ≤ ∞.
Proof. If H2/H1 is compact, then there exists a compact set K ⊂ H2 with KH1 = H2. Then,
if C ⊂ O is a relatively compact open subset with H2C = O and ((C,C)) ⊂ H2 compact, it
is easy to see that KC ⊂ O is relatively compact and open as well, with ((KC,KC)) ⊂ H1
compact, and H1KC = H2C = O. This proves (i).
In order to show (ii), we make use of their decomposition space realization. Furthermore,
if (hi)i∈I ⊂ H1 is well-spread, it is also a well-spread subset of H2. In particular, any induced
covering of the style (h−Ti Q)i∈I can be understood of induced both by H1 and H2.
By assumption on v1 and v2, transplanting either v1 or v2 to the induced covering results in
equivalent weights on the covering, and therefore the induced decomposition spaces coincide.
Theorem 5.5 now yields the desired conclusion. 
Remark 6.5. In the setting of the previous lemma, it is easy to see that restricting an admissible
weight from G2 to G1 yields an admissible weight on the smaller group. It is less clear whether
every admissible weight on the smaller group extends (up to equivalence) to the larger one. For
weights only depending on the Hi-variable, some partial answers are available. For instance, if
H2 is a abelian, or a direct product of H1 and a second (necessarily compact) subgroup, such
an extension is easily constructed. In this case, since H2/H1 is assumed compact, there exists
a measurable cross-section σ : H2/H1 → H2 with relatively compact image and with σ(h) = e
for all h ∈ H1. Here one checks immediately v2(h) = v1(σ(h)−1h) yields an extension of v1 to
H2 with the desired properties.
Example 6.6. Consider the group H described in Example 2.6(c), one has H1 ⊂ H ⊂ H3,
where H3 is the diagonal group, and H1 = exp(RC) with
C =

 1 1
α+ β

 .
Hence, H1,H3 are both integrably admissible. However, H/H1 ∼= R ∼= H3/H, hence Lemma
6.4 is not applicable, and we expect that the coorbit spaces associated to H are different from
those associated to either H1 or H3. Moreover, unlike for co-compactly contained pairs of
groups, the essential frequency supports of H1,H3 on the one hand, and of H on the other,
are different. 
We expect that a more direct proof of Lemma 6.4, relating integration over H2 to integration
over H1 by Weil’s integral formula, is also available. However, the proof using the decomposi-
tion space identification is remarkably effortless. Note also that already the formulation of the
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lemma is greatly facilitated by the choice of a common reservoir. In the absence of a common
reservoir, comparing coorbit spaces associated to different groups requires making potentially
cumbersome identifications.
Corollary 6.7. Let H = exp(RA) denote an integrably admissible one-parameter group. Then
the coorbit spaces induced by G = Rd⋊H are precisely the anisotropic Besov spaces associated
to exp(A).
Remark 6.8. There is a converse to Corollary 6.7. Given any expansive matrix A, there exists
a second expansive matrix B with the property that A and B induce the same scales of
anisotropic Besov spaces, and in addition, B = exp(C) for a suitable matrix C; see [7, Lemma
7.8]. Thus the classes of anisotropic Besov spaces on the one hand, and of coorbit spaces
associated to one parameter groups on the other, coincide precisely.
The following result is well-known, and was already stated in [18].
Corollary 6.9. Let H = R+ · SO(d). Then the coorbit spaces of H and R+ · IdRd coincide.
We sketch a further potential benefit of the ability to switch groups in the description of
coorbit spaces. One natural problem arising in the study of coorbit spaces is the question
which dilation matrices g ∈ GL(d,R) leave the coorbit spaces invariant. It is shown in [25]
that this set of matrices may well depend on the choice of underlying dilation group H, but a
deeper understanding of this dependence is currently missing. By construction of the coorbit
spaces, it is clear that the elements of H leave coorbit spaces associated to H invariant, and
more generally, natural candidates are the elements of the normalizer N(H) of H defined by
N(H) = {g ∈ GL(d,R) : g−1Hg = H}.
The following is shown by straigtforward calculations.
Lemma 6.10. Let H ≤ GL(d,R) be an integrably admissible and let v : G ⋊H → R+ be an
admissible weight, depending only on the second variable. Then, for any g ∈ N(H), the action
π(0, g) : Co(Lp,qv (R
d
⋊H))→ Co(Lp,qvg (R
d
⋊H))
is an isomorphism, where vg(h) := v(ghg
−1).
Once the role of the normalizer is understood, a benefit of Lemma 6.4 becomes apparent,
that is best exemplified with the help of the groups H1 = R+ · IdRd and H2 = R
+ · SO(d).
Trying to use the normalizer of H2 to find additional dilational symmetries of the associated
coorbit spaces yields very little, since N(H2) turns out to be a finite extension of H2. By
contrast, since H1 is central in GL(d,R), one has N(H1) = GL(d,R), and in addition, vg = v
for every weight on H1 and every g ∈ GL(d,R). Thus computing the normalizer of H1 is
sufficient to see that the isotropic homogeneous Besov spaces are invariant under arbitrary
dilations.
Conclusion and outlook
The decomposition space description of coorbit spaces can be understood as a generaliza-
tion of the ϕ-transform characterization of Besov spaces due to Frazier and Jawerth [21]. As
outlined in [29], the chief benefit of this description comes from the fact that it provides a nat-
ural common framework for the unified treatment of spaces associated to different groups, and
the papers [49, 50] provide tools to tackle the question of embeddings between decomposition
spaces, but also of decomposition spaces into Sobolev and BV spaces, in a systematic manner.
As one keeps introducing new classes of function spaces, one fundamental question becomes
particularly relevant, namely that of classification, e.g., the problem of deciding whether two
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different dilation groups actually induce different scales of coorbit spaces. On the decomposi-
tion space level, this question is settled in [49]. This result was used for the classification of
anisotropic Besov spaces in [7], and of shearlet coorbit spaces in [35]. Furthermore, the latter
develops an observation made in [17] into an interesting connection between decomposition
space theory and coarse geometry [42], which will be further pursued in upcoming publica-
tions. In this paper, a first glimpse of coarse geometric reasoning can be seen in the discussion
in Section 6, in particular in connection with Lemma 6.4 and its applications. We expect that
the question whether a converse to this lemma holds, e.g. as described in Example 6.6, can
be ultimately determined using coarse geometry methods. Likewise, it seems plausible to us
that the question whether the essential frequency support of an integrably admissible dilation
group is unique is ultimately a coarse geometric one.
It should also be emphasized that, while the coorbit theory developed here is ultimately
a branch of decomposition space theory, the focus on this class allows the formulation of
sharper results. This can be exemplified by the discretization results such as Theorem 3.8,
which clearly benefit from the underlying group. Further cases in point are provided by the
discussion of dilational symmetries in Section 6, and by the classification results in [35], which
also make crucial use of the group structure underlying the construction of the coorbit spaces.
An interesting question for future work regards explicit criteria and existence proofs for
atomic decompositions using vectors that are compactly supported in space rather than in
frequency. For the irreducible case, these were obtained in [26, 28]. The techniques developed
for proving the existence of such wavelets in the irreducible case are already fairly involved, and
they make heavy use of the fact that the dual action has a unique open orbit. It is therefore
expected that the extension to integrably admissible dilation groups is highly non-trivial.
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